Twisted gravitational waves (TGWs) are nonplanar waves with twisted rays that move along a fixed direction in space. We study further the physical characteristics of a recent class of Ricci-flat solutions of general relativity representing TGWs with wave fronts that have negative Gaussian curvature. In particular, we investigate the influence of TGWs on the polarization of test electromagnetic waves and on the motion of classical spinning test particles in such radiation fields. To distinguish the polarization effects of twisted waves from plane waves, we examine the theoretical possibility of existence of spin-twist coupling and show that this interaction is generally consistent with our results.
I. INTRODUCTION
In a recent paper [1] about twisted gravitational waves (TGWs), Ricci-flat solutions with diagonal metrics of the form
were studied within the framework of general relativity (GR). Here, u := t − z is the retarded null coordinate and metric (1) represents a gravitational wave propagating along the z direction. The corresponding gravitational field equations were solved in Ref. [1] and it turned out that they contained two separate cases involving a smooth function Ψ(u, x)
that satisfies the partial differential equation
where Ψ u := ∂Ψ/∂u, etc. The first case involved pp-waves, namely, plane-fronted waves with parallel rays, with a Petrov type N metric of the form
where λ ′ > 0 is a constant parameter, while the second case involved nonplanar gravitational waves with a Petrov type II metric such that
where λ > 0 is a constant parameter. We remark that these two cases are not conformally related to each other.
The gravitational waves described by Eq. (4) have twisted rays, since the twist tensor T µν is nonzero in this case,
where k = ∂ t + ∂ z is such that
which therefore represents a nonexpanding and shearfree null geodesic congruence. Our TGW solutions belong to Kundt's class [2] , see Appendix A.
The twist tensor for metric (4) has nonzero components T 01 = −T 10 = T 13 = −T 31 = −2 Ψ 3 Ψ x and vanishes completely if Ψ x = 0; moreover,
in agreement with the fact that the propagation vector k is normal to the wave front, which are u = constant surfaces. That is, a null geodesic congruence is hypersurface-orthogonal if and only if the twist scalar vanishes, which is equivalent to Eq. (7) as well as k [µ k ν;ρ] = 0.
Indeed, k µ = −∂u/∂x µ for pp-waves, while k µ = Ω(u, x) ∂u/∂x µ for twisted gravitational waves. Here, Ω x = 0; otherwise, we have a pp-wave. For metric (4) , Ω = −Ψ 4 . Let us note that in general the propagation vector k is fixed up to a nonzero multiplicative constant whose magnitude represents a change in the units of measurement of temporal and spatial intervals corresponding to the freedom in the choice of the affine parameter along the null geodesic world line.
Consider a Ricci-flat solution of GR such that the corresponding spacetime admits a null Killing vector field k with vanishing twist scalar. Thus k is hypersurface-orthogonal; moreover, if k is a gradient, then the solution is a pp-wave. Assuming that k is not a gradient, Dautcourt has shown that the field equations can be solved and reduced to a twodimensional Poisson equation; furthermore, Dautcourt has studied some of the properties of the resulting gravitational fields [3, 4] . Twisted gravitational waves belong to Dautcourt's class of solutions.
In the rest of this section, we present the main physical properties of TGWs. In particular,
we show that some TGWs have Minkowski spacetime as their background. The Bel-Robinson tensor for TGWs is studied in Section II. The propagation of electromagnetic waves on a TGW background spacetime is treated in Section III. The background has twisted null rays; therefore, one might expect that photon spin would couple to the twist and this coupling would cause extra polarization properties of electromagnetic waves as they pass through such a gravitational radiation field. Our results tend to favor photon helicity-twist coupling;
hence, to elucidate this interaction further, we study the motion of classical spinning test particles on a certain TGW background in Section IV. Section V contains a discussion of our results. Throughout, we use units such that G = c = 1, unless specified otherwise. The signature of the metric is +2 and greek indices run from 0 to 3, while latin indices run from 1 to 3. As in Ref. [1] , all lengths are measured in units of a constant length scale T 0 and we set T 0 = 1 for the sake of simplicity.
Let us now concentrate on Eq. (4) that involves TGWs, and note that Eq. (2) implies
where υ is an arbitrary function of u. For υ = 0, we find simple Petrov type D solutions with Ψ = u f (x) + h(x). Two such special TGW solutions have been discussed at some length in Ref. [1] . The first special solution is originally due to Harrison [5, 6] and is given by h(x) = 0. It can be expressed in the form
The second special solution is given by h/f = x, where f is a nonzero constant. It can be expressed as
where λ 0 > 0 and w = u + x. Comparing Eqs. (4) and (10), we note that Ψ is in this case u + x up to a proportionality constant. With this Ψ, the metric in Eq. (3) reduces to
, which turns out to represent flat spacetime; indeed, this is also true if u + x is replaced by χ u + η x, where χ and η are constant parameters.
The coordinate systems in these two simple type D solutions are admissible over the full range of the spacetime coordinates x µ = (t, x), except at curvature singularities which occur whenw := u 1/5 x 1/3 and w vanish in the Harrison and the second solution, respectively.
The coordinate systems are even Lichnerowicz admissible, which means that there are no closed timelike curves in these TGW spacetimes [7] . For background material regarding various aspects of the exact solutions of GR representing gravitational radiation, we refer to
Refs. [2, 8] .
In connection with the physical interpretation of these solutions, we note that in the general form of our simple type D solutions with Ψ = u f (x) + h(x), we can set f = χ and h(x) = 1 + η x, where χ and η are constant parameters and η is such that λ 2 η 2 = 1. We then have a TGW metric of the form
which depends on two arbitrary constant parameters χ and η. It is Ricci-flat and reduces to
Minkowski spacetime in the absence of the wave potential χ u + η x, i.e., when χ = η = 0.
It is therefore a TGW on the Minkowski spacetime background. Alternatively, via a simple translation in x, say, we could simply replace x by x − 1/η and thus assume that W := χ u + η x. Then, for χ = 0, our spacetime reduces to the static Kasner spacetime given by [1] 
Thus for χ = 0, we have a gravitational wave running on this static Kasner background.
What could produce such waves on Minkowski and static Kasner backgrounds? The gravitational radiation emitted by an isolated astrophysical system is expected to have approximately spherical wave fronts very far away from the source. The spherical waves are locally planar. It is therefore not clear at present what kind of source could generate nonplanar unidirectional gravitational waves. We tentatively assume that TGWs are running cosmological waves.
It is worthwhile to mention briefly that Harrison's solution (9) can also be written as a TGW on the Minkowski spacetime background, namely,
where χ and η are constant parameters. To derive this form of Harrison's metric, we start with Eq. (9) and replace t by (η 2/3 /χ) 5/3 t, x by (χ/η 5/3 ) x, y by η −1/3 y and z by (η 2/3 /χ) 5/3 z; the result is
Finally, if in Eq. (14) we replace (t, x, y, z) by (1 + χ t, 1 + η x, y, χ z), we get Eq. (13).
Let us next return to metric (4) and introduce the fundamental static observers that are at rest in space in this general TGW spacetime. They carry the natural tetrad frame e µα such that
Here, the 4-velocity of the static observer at the spatial position (x 0 , y 0 , z 0 ) is given by
, where τ is the proper time along the static observer's world line and
The fundamental static observers are in general accelerated with 4-accelerationĀ µ given bȳ
It is straightforward to show that the natural tetrad frame e µα of the static observers is Fermi-Walker transported along these observers' world lines; that is,
The twist tensor as measured by the fundamental static observers is
More explicitly, the nonzero components of Tαβ are given by
Thus, in close analogy with the electromagnetic field tensor, one can say that the measured twist tensor has an "electric" component E in the x direction and a "magnetic" component B in the y direction that have the same magnitude given by 2/(λ Ψ).
There are four algebraically independent scalar polynomial curvature invariants in any
Ricci-flat solution of GR. These can be expressed in terms of the complex quantities
and
For metric (4), I 1 and I 2 are real and are given by (8) is positive and bounded above zero, then Ψ(u, x) does not vanish during its evolution and the corresponding TGW spacetime is free of curvature singularities. To see this, we note that
so that for any given x, Ψ 2 as a function of u is convex and could possibly have a zero at its minimum when u = u min . But this would lead to a contradiction with Eq. Thus for any given x, −∞ < x < ∞, Ψ(u, x) monotonically decreases from Ψ = ∞, has a minimum at u min , where Ψ(u min ) = exp(−Ê(x)), and monotonically increases back to ∞.
where the imaginary error function is defined by
Finally, we note that for any constant u, u = u 0 , say, the spacetime metric ds 2 of the TGW (4) reduces to the metric of the wave front dσ 2 ,
which has negative Gaussian curvature K G ,
II. BEL-ROBINSON TENSOR FOR TGWS
The completely symmetric and traceless Bel-Robinson tensor T µνρσ is the natural gravitational analog of the electromagnetic energy-momentum tensor for spacetime domains that are free of sources of gravity. It provides a local measure of the super-energy and supermomentum contained in an arbitrary Ricci-flat region of the gravitational field and is given by
For a geodesic observer with an orthonormal tetrad in a Ricci-flat gravitational field, the super-energy density and the super-momentum density of the gravitational field as measured by the observer, up to a positive constant scale factor, are given by the appropriate projections of the Bel-Robinson tensor on the observer's tetrad [9] [10] [11] [12] 
respectively. Here, the symmetric and traceless 3 × 3 matrices (Eˆiĵ) and (Bˆiĵ) represent the "electric" and "magnetic" components of the Weyl curvature tensor, respectively. It is possible to show that E is positive definite and the gravitational super-momentum density 4-vector (E, Pî) is always timelike or null. For a more thorough description of E and B, see Appendix B.
In the rest of this section, we will consider the Bel-Robinson tensor for the two simple type D solutions given by Eqs. (9) and (10), respectively. The timelike geodesic equations are quite complicated even for these simple TGW solutions [1, 13] ; therefore, to have tractable results we resort to the static accelerated observers that always remain at rest in space and carry orthonormal tetrads e µα discussed in the previous section.
A. Bel-Robinson tensor for Harrison's solution
Let us first consider the Harrison metric (9) and choose as fiducial observers the static observes that carry the orthonormal tetrad
In this case, the nonzero frame components of the electric and magnetic parts of the Weyl tensor are given by
respectively. We note that these components all diverge atw = u
Harrison's spacetime is singular. It follows that
As is well known, the gravitational Poynting vector depends upon the observer. Indeed, in a vacuum spacetime of type D, there exist at each event in spacetime two special (tidal)
directions in space such that under boosts in these directions the Poynting vector vanishes for timelike observers and the gravitational super-energy density remains invariant. This circumstance, which has a direct analog in electromagnetism, can be simply illustrated in Kerr spacetime, see Ref. [10] and the references cited therein.
The super-momentum density 4-vector Pα = (E, Pî) is timelike, since its squared norm is negative; that is,
This is indeed the expected result for a type D spacetime [14] .
B. Bel-Robinson tensor for the second simple TGW solution
Let us next consider our second simple TGW solution given by Eq. (10) . As before, we choose the static observers with adapted tetrad
as our reference observers. The nonzero frame components of the electric and magnetic parts of the Weyl tensor are then given by
respectively. These components all diverge at w = 0, where spacetime is singular. It follows
The super-momentum density 4-vector is timelike in this case as well, since its squared norm is given by
For a plane gravitational wave, the super-momentum density 4-vector is null and the gravitational Poynting vector is along the direction of wave propagation [9, 10] . Based on the two simple examples presented in this section, we find that for a TGW the super-momentum density 4-vector is timelike and the gravitational Poynting vector has a component in the x direction as well, a circumstance that is consistent with the oblique character of the cosmic jet in a TGW spacetime [1, 13] .
III. PROPAGATION OF ELECTROMAGNETIC WAVES IN TGW SPACETIMES
The polarization properties of electromagnetic waves change as they propagate through a gravitational radiation field. Previous studies of this prediction of GR have involved plane waves; therefore, it is interesting to investigate the influence of TGWs on the polarization of electromagnetic waves.
On general grounds, we might expect that in a TGW background the photon spin would couple to the twist of the gravitational null rays resulting in the phenomenon of spin-twist coupling. To investigate this possibility, we consider the perturbation of a TGW spacetime via the propagation of a test electromagnetic radiation field. To linear order in the perturbation, the back reaction of the electromagnetic wave on the spacetime may be neglected and Maxwell's equations take the form F [µν,ρ] = 0 and ( √ −g F µν ) ,ν = 0 on a background TGW spacetime. A convenient method of treating these equations involves replacing the gravitational field by a hypothetical optical medium that occupies Cartesian space [15] [16] [17] [18] [19] [20] .
Using the natural decompositions F µν → (E, B) and
, one arrives at the standard sourcefree Maxwell's equations in a gyrotropic medium in Euclidean space with Cartesian coordinates and constitutive relations
where the conformally invariant properties of the optical medium are given by
For Minkowski spacetime, g µν = η µν , ǫ ij = µ ij = δ ij and the gyration vector vanishes (G = 0), as expected. The constitutive relations (43) are derived in Appendix C.
Let us briefly digress here and consider an inertial frame with coordinates x µ = (t, x) in Minkowski spacetime and a plane monochromatic electromagnetic wave of frequency ω that propagates along the z direction. Taking advantage of the linearity of Maxwell's equations, we can express the corresponding electric and magnetic fields in complex form using the circular polarization basis vectors as
where a + and a − are constant complex amplitudes for positive and negative helicity radiation, respectively, andx indicates a unit vector in the x direction, etc. When projected onto the orthonormal tetrad frame of an observer, the real parts of our complex fields would correspond to measurable quantities. It is important to note that for positive-helicity radiation,
while for negative-helicity radiation,
Thus in terms of complex fields, e + i b essentially represents an electromagnetic wave with positive helicity, while e − i b essentially represents a wave with negative helicity. It is clear that one will arrive at this same conclusion if one starts from a linear polarization basis for the complex fields instead of the circular polarization basis employed in Eq. (45).
Returning now to the optical medium in Cartesian space that supplants the gravitational field, we introduce the Riemann-Silberstein vectors
in terms of complex fields, so that Maxwell's equations can now be written as
where
These field equations completely decouple for different helicity states in this linear perturbation treatment. Moreover, the equation for temporal evolution implies ∂ t (∇ · S ± ) = 0, which means that once the second equation of display (49) is satisfied at any given time, then it is valid for all time.
In Minkowski spacetime, F + is the amplitude for radiation of positive helicity, while and corresponding wave vectors k ± K g , see Appendix A of Ref. [21] . Naturally, the polarization of the electromagnetic wave would be affected by terms of orderĥ. Indeed, a more detailed analysis of this problem has been carried out in the eikonal approximation,
where the general relativistic rotation of the plane of polarization of electromagnetic waves (Skrotskii effect [15] ) has been calculated along null geodesics in spacetimes containing weak gravitational waves emitted by localized astrophysical sources [22] . Extending the analysis to exact plane waves, we would expect that the polarization of test electromagnetic waves would change accordingly as they propagate through plane-wave spacetimes.
Next, we turn to exact twisted gravitational wave solutions. To simplify matters, we choose a variant of the second special TGW solution given by Ψ = u f (x) + h(x) with f = χ and h = η x, where χ and η are constants. Equation (4) for the general TGW spacetime interval now takes the form
where w := χ u + η x. Let us choose constants such that λ 2 η 2 = 1; then, the spacetime interval that we employ in this section expressed in Cartesian coordinates is represented by
where w = 0 indicates the curvature singularity of this TGW spacetime. We note that for η = 0 we have a plane wave, whereas for η = 0 we have a TGW. It follows that the corresponding optical medium is given by
The optical properties of this medium are independent of the y coordinate; therefore, to solve Maxwell's equations (49) in this case we assume
where K ± y are complex constants. Moreover, we set χ = 1 for the sake of simplicity and assume η = 0. Then, it follows from the equation for temporal evolution in display (49) that
η df
Furthermore, the temporal "boundary condition" ∇ · S ± = 0 implies
To find the solution of Eqs. (55)- (58), let us first assume that K ± y = 0. Then, the electromagnetic field depends only upon w and it is straightforward to show that
where c 
where α ± and β ± are constants of integration and U ± is given by
For fixed x and z, w is essentially the temporal parameter and with complex constants α
, it is clear that F + is rather different from F − , which represent the helicity-dependent propagation of an electromagnetic wave along the y direction.
The particular solution of Maxwell's equations presented here does not have a proper limit for η = 0. On the other hand, our simple TGW solution (51) reduces to a plane gravitational wave for η = 0 [1] . It is useful to study electromagnetic wave motion in this limit as well.
For η = 0 and χ = 1, the metric in Eq. (51) reduces to
This linearly polarized plane gravitational wave spacetime can be replaced by an optical medium, namely,
where u := t − z, as before, and u = 0 denotes the curvature singularity of this spacetime.
Using the same approach as above, a detailed analysis of the propagation of electromagnetic radiation in this plane gravitational wave background reveals that for K ± y = 0, we have the highly degenerate solution [23] [24] [25] , it is natural to expect that the spin of the test field would couple to the twist of the gravitational radiation background. In close analogy with the spin-rotation coupling, if there is a spin-twist coupling according to the fiducial static observers, we expect it to be proportional to S µν T µν , where S µν is the spin tensor of the massless field such that S µν e ν0 = 0. It is possible to define a corresponding spin vector
where e µνρσ denotes the alternating tensor given by e µνρσ = √ −g ǫ µνρσ . Here, ǫ µνρσ is the totally antisymmetric symbol with ǫ 0123 = 1. Thus the spin-twist coupling would be of the form
where we have defined a twist vector V µ for TGW spacetimes along the world lines of the static observers such that
For our TGW with metric (52), we find that V µ is given by V = −4 η ∂ y . According to the static fiducial observers, spin-twist coupling would involve an interaction proportional to −Sμ Vμ = 4 η S2/w, so that the spin of the particle in the y direction is involved. Does such an interaction indeed occur in the motion of spinning test particles in TGW spacetimes?
Imagine the propagation of massless test fields on a background TGW spacetime. In the eikonal limit, we expect that the propagation of such a test field with spin would correspond to the motion of a massless spinning test particle, which can be consistently described in GR using the Mathisson-Papapetrou equations only when the Frenkel-Pirani supplementary condition is imposed [26] . The particle then follows a null geodesic and its spin is along its path with two possible helicity states such that helicity is conserved in an orientable spacetime [26] . The wave amplitude then propagates along this null geodesic and the eikonal approximation scheme describes the variation of the linear polarization state of the wave as the wave amplitude changes along the null geodesic world line. Thus in this approximation, the spin of the particle generally couples to the twist in a TGW spacetime if the particle moves along the y direction. That is, except for motion along certain special null geodesics that are spatially confined to the (x, z) surface and do not move in the y direction, we should expect the presence of spin-twist coupling. Otherwise, the spin vector of the particle is in the (x, z) plane either along or opposite to its motion and thus has no y component to couple to the twist vector. We note that a similar situation occurs in the propagation of test electromagnetic waves in the simple TGW spacetime examined in this section, see
Eqs. (59)- (65). In this case, the helicity-twist coupling would be proportional to S2, where S2 would in turn be proportional to ± K ± y ; for instance, U ± = ± K ± y w 4 /(4 η) in Eq. (65) could represent photon helicity-twist coupling. Our analytic solution of Maxwell's equations is rather special; nevertheless, the result is generally consistent with expectations based upon the photon helicity-twist coupling.
To study further the phenomenon of spin-twist coupling, the next section is devoted to the classical motion of spinning test particles in the field of a simple weak TGW.
IV. CLASSICAL SPINNING TEST PARTICLES IN A TGW BACKGROUND
To describe the motion of classical spinning test masses in a gravitational field, we must use the Mathisson-Papapetrou-Dixon (MPD) equations at the pole-dipole order. For a detailed account of these equations, see Refs. [27, 28] and the references cited therein. To linear order in spin, the MPD equations for a particle of mass m, 4-velocity vector V µ := dx µ /dτ , momentum P µ and spin tensor S µν simplify in accordance with an approximation scheme developed in Ref. [27] ; that is, the momentum of the spinning particle becomes proportional to its 4-velocity, P µ ≈ m V µ , when terms of second order in spin are neglected.
The equations of motion are then
and DS
with the supplementary condition
It proves useful to introduce the spin vector of the test particle S µ , S µ V µ = 0, such that
where e µνρσ is the alternating tensor given by e µνρσ = √ −g ǫ µνρσ , as before.
Let us define the dual curvature tensor
Then, the main equations of motion are
It follows from these equations that V µ S µ ≈ 0 throughout the motion and the magnitude of spin is conserved, since S µ S µ is a constant of the motion. Moreover, in this approximation S µ undergoes parallel propagation along the test particle's world line.
Dynamics of classical spinning test particles have been studied in the field of weak gravitational plane waves by a number of authors, see Refs. [29, 30] and the references cited therein. We discuss this problem below for twisted waves and compare the result with the case of plane waves.
Let us consider a TGW metric of the form (11), namely,
with
and the family of static observers with their natural adapted frame:
Metric (79) represents a plane wave for η = 0 and a twisted wave for η = 0. We will assume throughout this section that the potential φ := χ u + η x is a small perturbation on Minkowski spacetime background, see Appendix D. That is, g µν = η µν + h µν , where (h µν ) = diag(−4 φ, 4 φ, −2 φ, 4 φ), 0 < |φ| ≪ 1 and the corresponding Christoffel symbols at this linear level of approximation are all constants proportional to the small parameters χ, 0 < |χ| ≪ 1, and η, 0 < |η| ≪ 1. It follows that the curvature tensor vanishes at this level of approximation. Thus the test particle is in an accelerated coordinate system in Minkowski spacetime and follows a geodesic of the background TGW in this linear approximation scheme. The coordinate transformation from the accelerated system to the corresponding inertial system has been worked out in Appendix D.
It is straightforward to solve the geodesic equation in this case and the result for V µ is that, at this level of approximation, it depends linearly upon proper time; that is,
are simply constants. In the absence of acceleration, i.e. with χ = η = 0, the test particle is in an inertial frame with Cartesian coordinates in Minkowski spacetime and has 4-velocity
One can now simply integrate these equations to find the geodesic path x µ (τ ) with the initial conditions that at τ = 0,
x µ = (t, x, y, z) = (0, 0, 0, 0). Thus the path of the spinning particle is given by
It then follows that along the path of the particle the potential φ = χ u + η x is given by
In a similar way, one can integrate the equations for the spin vector and one finds
where σ 0 , σ x , etc., are constants such that σ 0 = σ · v. It is possible to obtain these same S µ components via the spin vector transformation law between the inertial and accelerated systems employing the explicit coordinate transformation derived at the end of Appendix D. Using these results, it is possible to check that the spin vector is orthogonal to V µ and S µ S µ = η αβ σ α σ β at the order of approximation under consideration in this section.
To find measurable quantities, the next step involves the calculation of V µ e µα = Vα = Γ(−1, V x , V y , V z ) and S µ e µα = Sα and the study of their properties. In this way, we find
Moreover, the frame components of the spin vector can be expressed as
In these results, the special character of motion in the y direction should be noted: If there is initially no motion in the y direction, i.e. v y = 0, then for τ = 0 we find V y ≈ 0 and
In the original TGW solution given by Eqs. (79) and (80) The difference between the results for twisted waves in comparison with plane waves can be attributed in part to the coupling of the spin of the test particle with the twist of the background.
We would now like to write this metric in terms of coordinates (u, v, X, Y ) such that it takes the form
where P is independent of v, P v = 0. Introducing complex quantities
in Eq. (A4), we recover the standard form of the metric of the Kundt's class [2, 31, 32 ]
It therefore remains to put Eq. (A4) into the form of Eq. (A3). To this end, consider the coordinate transformation
which turns Eq. (A4) into Eq. (A3) provided we have
Thus W = W 1 / √ 2 is real for TGWs. The (1+3) threading decomposition of a tensor relative to an observer 4-velocity U µ relies on the projection to the observer's rest space defined by
The tensor P µν then also plays the role of the induced metric for the rest space of U.
The Weyl tensor can be decomposed in gravitoelectric and gravitomagnetic parts by the definitions (see, e.g., Ref. [2] )
where * C µνρσ is the dual of the Weyl curvature tensor. The tensors E µν and B µν are spatial, symmetric and traceless, each having five independent components. They can be further decomposed relative to a unit spacelike vector n µ in the local rest space of U, n · U = 0.
In a TGW spacetime, for instance, n µ could be a component of the spatial triad of the fiducial observer indicating the direction of wave propagation. There is then a corresponding projection defined by
Then, Φ µν is a metric for the spatial 2-space (screen space) perpendicular to U µ and n µ .
Given any spatial, symmetric and traceless tensor S µν , we define [12]
where Φ µνρσ = Φ µν Φ ρσ . Then S µν can be written in terms of its parts as
Weyl tensor for gravitational waves
As is well known, localized gravitational energy is problematic in general relativity and does not have a covariant definition. However, the energy of a gravitational wave can in principle be measured. Even so, there is no general definition of the energy flux of gravitational waves. For a plane monochromatic wave of frequency ω propagating along the z direction in linearized GR, the energy flux averaged over a wavelength is in the direction of wave propagation and is given by [33] 
where h + and h × represent the constant amplitudes of the two independent linear polarization states of the wave and < P z > is the corresponding average of the z component of the super-Poynting 4-vector P µ ,
Here, e νρσ = U µ e µνρσ is the spatial Levi-Civita tensor. Equation (B6) is in agreement with the Landau-Lifshitz expression for the energy flux of the wave.
Appendix C: Gravity as an Optical Medium
The purpose of this appendix is to derive the constitutive relations when F µν → (E, B) and √ −g F µν → (−D, H). This means that F 0i = −E i and F ij = ǫ ijk B k ; similarly, √ −g F 0i = D i and √ −g F ij = ǫ ijk H k . Here, ǫ ijk is the totally antisymmetric symbol with ǫ 123 = 1. The derivation of the constitutive relations makes essential use of the fact that the matrices (g µν ) and (g µν ) are inverse of each other. The explicit expression of this fact, after separating temporal and spatial coordinates, results in four relations which can be used to show that (γ ij ) and its dual (γ ij ),
are inverses of (g ij ) and (g ij ), respectively; that is, g ik γ kj = δ i j and g ikγ kj = δ j i . The quantities in Eq. (C1) also appear in the (1+3) timelike treading and the (3+1) spacelike slicing of spacetime into its temporal and spatial components [7] ; for instance, the spacetime metric adapted to the local environment of static observers with 4-velocity U = (−g 00 ) −1/2 ∂ t is given by
The local space of the observers at rest is orthogonal to U, so that the corresponding induced metric is P µν dx µ dx ν = γ ij dx i dx j , see Appendix B.
Next, imagine computing the inverse of matrix (g µν ) using minors, etc. For the g 00 element of the inverse matrix and similarly for g 00 , we find
where g := det(g µν ). Extending this approach to the g 0k element of the inverse of (g µν ) and
similarly for g 0k , we find g ǫ abc g ai g bj g c0 = −ǫ ijk g 0k , 1 g ǫ abc g ai g bj g c0 = −ǫ ijk g 0k .
Finally, the definition of the determinant can be combined with Eq. (C3) to show that ǫ abc g ai g bj g ck = ǫ ijk det(g pq ) = ǫ ijk g 00 g , ǫ abc g ai g bj g ck = ǫ ijk det(g pq ) = ǫ ijk g g 00 .
(C5)
For the first constitutive relation, let us start with the electric part of
which takes the form
Multiplying both sides of this relation by g ij /g 00 , then using g ij γ jk = δ For the second constitutive relation, we start with the magnetic part of
so that we have
We now multiply both sides by g ij to get
Next, using Eqs. (C4) and (C5), we obtain the second constitutive relation B i = µ ij H j + (G × E) i .
The equality of the electric permittivity and magnetic permeability tensors , namely,
is a special property of the gravitational medium and implies the absence of double refraction [34] .
